The Kaluza-Klein idea of extra spacetime dimensions continues to pervade current attempts to unify the fundamental forces, but in ways somewhat different from that originally envisaged. We present a modern perspective on the role of internal dimensions in physics, focussing in particular on superstring theory. A novel result is the interpretation of Kaluza-Klein string states as extreme black holes.
The Kaluza idea
Cast your minds back to 1919. Maxwell's theory of electromagnetism was well established and Einstein had recently formulated his General Theory of Relativity. By contrast, the strong and weak interactions were not well understood. In searching for a unified theory of the fundamental forces, therefore, it was natural to attempt to merge gravity with electromagnetism.
This Kaluza [1] (2) wherexμ = (x µ , y), µ = 0, 1, 2, 3, and all unhatted quantities are fourdimensional. Thus the fields g µν (x), A µ (x) and φ(x) transform respectively as a tensor, a vector and a scalar under four-dimensional general coordinate transformations. All this was at the classical level, of course, but in the modern parlance of quantum field theory, they would be described as the spin 2 graviton, the spin 1 photon and the spin 0 dilaton 3 . Of course it is not enough to call A µ by the name photon, one must demonstrate that it satisfies
Maxwell's equations and here we see the Kaluza miracle at work. After making the same 4 + 1 split of the five-dimensional Einstein equationsRμν = 0, we correctly recover the not only the Einstein equations for g µν (x) but also the Maxwell equation for A µ (x) and the massless Klein-Gordon equation for φ(x). Thus Maxwell's theory of electromagnetism is an inevitable consequence of Einstein's general theory of relativity, given that one is willing to buy the idea of a fifth dimension.
The Klein idea
Attractive though Kaluza's idea was, it suffered from two obvious drawbacks.
First, although the indices were allowed to range over 0, 1, 2, 3, 4, for no very good reason the dependence on the extra coordinate y was suppressed.
Secondly, if there is a fifth dimension why haven't we seen it? The resolution of both these problems was supplied by Oskar Klein [2] in 1926. Klein insisted on treating the extra dimension seriously but assumed the fifth dimension to have circular topology so that the coordinate y is periodic, 0 ≤ my ≤ 2π, where m is the inverse radius of the circle S 1 . Thus the space has topology
It is difficult to envisage a spacetime with this topology but a simpler analogy is provided by a hosepipe: at large distances it looks like a line R 1 but closer inspection reveals that at every point on the line there is
Brans-Dicke [6] theories of gravity. As we shall see, the dilaton also plays a crucial role in superstring theory a little circle, and the topology is R 1 × S 1 . So it was that Klein suggested that there is a little circle at each point in four-dimensional spacetime.
Let us consider Klein's proposal from a modern perspective. We start with pure gravity in five dimensions described by the action
S is invariant under the five-dimensional general coordinate transformations
The periodicity in y means that the fields g µν (x, y), A µ (x, y) and φ(x, y) may be expanded in the form 
etc. So (as one now finds in all the textbooks) a Kaluza-Klein theory describes an infinite number of four-dimensional fields. However (as one finds in none of the textbooks) it also describes an infinite number of four-dimensional symmetries since we may also Fourier expand the general coordinate parameter ξμ (x, y) as followsξ
withξ * μ n =ξμ −n .
Let us first focus on the n = 0 modes in (5) which are just Kaluza's graviton, photon and dilaton. Substituting (2) and (5) in the action (3), integrating over y and retaining just the n = 0 terms we obtain (dropping the 0 subscripts)
where 2πκ 2 = mκ 2 and 
local gauge transformations with parameter ξ 4 0
and global scale transformations with parameter λ
The symmetry of the vacuum, determined by the VEVs
is the four-dimensional Poincare group ×R. Thus, the masslessness of the the graviton is due to general covariance, the masslessness of the photon to gauge invariance, but the dilaton is massless because it is the Goldstone boson associated with the spontaneous breakdown of the global scale invariance.
Note that the gauge group is R rather than U(1) because this truncated n = 0 theory has lost all memory of the periodicity in y.
Now, however, let us include the n = 0 modes. An important observation is that the assumed topology of the ground state, namely R 4 × S 1 restricts us to general coordinate transformations periodic in y. Whereas the general covariance (9) and local gauge invariance (10) simply correspond to the n = 0 modes of (4) respectively, the global scale invariance is no longer a symmetry because it corresponds to a rescaling
combined with a a general coordinate transformation
which is now forbidden by the periodicity requirement. The field φ 0 is therefore merely a pseudo-Goldstone boson.
Just as ordinary general covariance may be regarded as the local gauge symmetry corresponding to the global Poincare algebra and local gauge invariance as the gauge symmetry corresponding to the global abelian algebra, so the infinite parameter local transformations (7) correspond to an infiniteparameter global algebra with generators
It is in fact a Kac-Moody-Virasoro generalization of the Poincare/gauge algebra [7] . Although this larger algebra describes a symmetry of the fourdimensional theory, the symmetry of the vacuum determined by (12) is only Poincare ×U(1). Thus the gauge parameters ξ µ n and ξ 4 n with n = 0 each correspond to spontaneously broken generators, and it follows that for n = 0 the fields A µn and φ n are the corresponding Goldstone boson fields. The gauge fields g µν n , with two degrees of freedom, will then each acquire a mass by absorbing the the two degrees of freedom of each vector Goldstone boson A µn and the one degree of freedom of each scalar Goldstone boson φ n to yield a pure spin 2 massive particle with five degrees of freedom. This accords with the observation that the massive spectrum is pure spin two [8] . Thus we find an infinite tower of charged, massive spin 2 particles with charges e n and masses m n given by
Thus Klein explained (for the first time) the quantization of electric charge [3] . (Note also that charge conjugation is just parity tranformation y → −y in the fifth dimesion.) Of course, if we identify the fundamental unit of charge e = √ 2κm with the charge on the electron, then we are forced to take m to be It is interesting to note that, despite the inconsistency problems [9] that arise in coupling a finite number of massive spin two particles to gravity and/or electromagnetism, Kaluza-Klein theory is consistent by virtue of having an infinite tower of such states. Any attempt to truncate to a finite non-zero number of massive modes would reintroduce the inconsistency [10] .
We also note, however, that these massive Kaluza-Klein modes have the unusual gyromagnetic ratio g = 1 [11] , which seems to lead to unacceptable high-energy behaviour for Compton scattering [12] . Moreover, as we shall see in section (8), where we embed the theory in a superstring theory, these Kaluza-Klein states will persist as a subset of the full string spectrum.
However, string theory comes to the rescue and ensures correct high-energy behaviour.
In summary, it seems that a five-dimensional world with one of its di-mensions compactified on a circle is operationally indistinguishable from a four dimensional world with a very particular (albeit infinite) mass spectrum.
From this perspective, therefore, it seems that one could kick the ladder away and forget about the fifth dimension.
3 The Kaluza-Klein black hole
The equations which follow from (8) admit electrically charged black hole solutions [13, 14, 15, 16] :
where ∆ ± = 1 − r ± /r and ǫ 2 is the volume form on S 2 . The electric charge e and ADM mass m are related to r ± by
The existence of an event horizon, r + ≥ r − , thus implies the bound
In the extreme limit, r + = r − , the line element reduces to
and the bound (19) 
and with magnetic charge g given by
In the extreme limit, r + = r − , this is the Kaluza-Klein monopole [15, 17, 18] .
We note that the four-dimensional monopole metric g µν of (20) exhibits a curvature singularity at r = r − , even though the five-dimensional metriĉ gμν of (2) from which it is descended is perfectly regular! This appears to contradict the impression gained at the end of the last section that the fivedimensional perspective is an unnecessary luxury. However, consider the Weyl rescaled metricg µν = e √ 3φ g µν . The magnetic monopole line element is now
and the curvature singularity at r = r − has disappeared! The physical significance of this metric is that it is the one that couples to the worldline of an electrically charged point particle [19, 20] . We shall return to this in section (8).
The humble torus
In D > 5 dimensions the pure gravity field equationsRμν = 0 are consistent with the ground state M 4 × T k where T k is the metrically flat k-torus
of massless modes (degrees of freedom) is: 1 spin 2 (2); k spin 1 (2k);
Note that the total number of degrees of freedom is (4 + k)(1 + k)/2 which matches the degrees of freedom of a gravi-
The number of scalars is given by the moduli of T k and they parameterize the non-linear σ-model GL(k, R)/SO(k) [21] .
Thus even the humble torus (in the words of Abdus Salam), the simplest of extra-dimensional geometries one could envisage, gives rise to a non-trival four-dimensional world.
As we shall now show, the torus becomes even more non-trivial in the context of supergravity theory. Here, in addition to the metricĝμν, the D = 10 supergravity multiplet contains a 2-formBμν and a dilatonΦ. After compactification to D = 4 on a torus, the bosonic degrees of freedom count now is: 1 spin 2; 12 spin 1; and 38 scalars composed of 36 moduli parameterizing SO(6, 6)/SO(6) × SO(6) and an axion and dilaton parameterizing SL(2, R)/U(1). There will also be an equal number of fermion degrees of freedom: 4 spin 3/2 and 28 spin 1/2. If we include the Yang-Mills multiplet we obtain a further 16 spin 1; 64 spin 1/2 and 96 spin 0 so that the moduli coset is then SO(6, 22)/SO(6) × SO (22) . Since this theory is the field theory limit of the heterotic string compactfied on a generic torus let us consider the action in more detail [26, 27] . Its bosonic sector is given by:
where
Here Φ is the D = 4 dilaton, R G is the scalar curvature formed from the string metric G µν , related to the canonical metric g µν by G µν ≡ e Φ g µν . B µν is the 2-form which couples to the string worldsheet and A µ a (a = 1, ..., 28) are the abelian gauge fields. M is a symmetric 28 × 28 dimensional matrix of scalar fields satisfying MLM = L where L is the invariant metric on O(6, 22):
The action is invariant under the O(6,
and is known to be an exact symmetry of the full string theory. The equations of motion, though not the action, are also invariant under the SL(2, R)
where α = 1, 2 with F µν a1 = F µν a and F µν a2 = λ 2 (ML)
where ω is an SL(2, R) matrix satisfying ω T Lω = L and where
λ is given by λ = Ψ + ie
subgroup and, as discussed in section (8) 4 See the article by Gross [38] .
taken to be compact to ensure the compactness of G. Thus, it was argued, SU(2) gauge bosons arose from taking three extra dimensions and assigning to them the geometry of a three-sphere which was, after all, the SU(2) group manifold.
With the wisdom of hindsight, we can now identify several shortcomings of these non-abelian developments. First, little attention was paid to the question of why the extra dimensions were compactified and whether this was consistent with the higher-dimensional field equations. It was usually a completely ad hoc procedure. This was remedied by the idea of spontaneous compactification. Here one looks for stable ground state solutions of the field equations for which the metric describes a product manifold
where M 4 is four-dimensional spacetime with the usual signature and M k is a compact "internal" space with Euclidean signaature. As shown by Cremmer et al [46] it was necessary to augment pure gravity with matter fields in order to achieve a satisfactory compactification. A second shortcoming was the failure to realize that the the extra-dimensional manifold need not correspond to a group space G in order to obtain Yang-Mills gauge fields with G as their gauge group. Now we know that any M k with G as its isometry group will do, i.e., any metric admitting the Killing vectors of G. This could be a homogeneous space. In this case the group G acts transitively and we may write the manifold as the coset space M k = G/H where H is the isotropy subgroup of the isometry group G. The use of such homogeneous spaces in Kaluza-Klein theories was was discussed by Luciani [47] . Since k = dimG − dimH, one was no longer obliged to have only one gauge boson for each extra dimension, as had previously been assumed. Indeed, the isometry group of a group manifold can be as large as G × G if we use the bi-invariant metric, so S 3 can give SU(2) × SU(2) gauge bosons and not merely SU(2).
Deriving Yang-Mills fields from gravity is perhaps the most beautiful aspect of Kaluza-Klein theories so let us examine how it works. Let us 
and f i jk are the structure constants. Now we consider the general coordinate transformation (4) and focus our attention on the very special transformation
with ǫ i (x) arbitrary. Then from (4) we may compute the transformation rule forĝ µn (x, y) and hence from (27) that for A µ i (x). We find
This is precisely the transformation law for a Yang-Mills field with gauge group G. Hence G is a subgroup of the D-dimensional general coordinate group. In summary, the basic idea is that what we perceive to be internal symmetries in four dimensions are really spacetime symmetries in the extra dimensions. Carrying this logic to its ultimate conclusion, one might be tempted to conclude that there is no such thing in nature as an internal symmetry, even apparent discrete internal symmetries like charge conjugation being just discrete spacetime tranformations in the extra dimensions.
One can only speculate on how the course of twentieth century physics might have changed if, in groping towards non-abelian gauge fields in 1939 [38] , Klein had applied his own ideas to a sphere instead of a circle.
Kaluza-Klein Supergravity
The history of Kaluza-Klein took a totally new turn with the advent of supergravity [48, 49] Nicolai [58] .
There then followed a deluge of activity in both D = 11 and D < 
Superstrings
Thus up until the summer of 1984 various proposals were put forward combining supersymmetry and the Kaluza-Klein idea but none with complete success. Those based on conventional field theory suffered from various problems, not least of which was the traditional objection to a non-renormalizable theory of gravity. Those based on superstrings seemed better from this point of view, and also from the point of view of chirality, but had problems of their own. The realistic-looking strings appeared to suffer from inconsistencies (anomalies akin to the triangle anomalies of the standard model) while the anomaly-free strings did not appear realistic. In particular, they seemed to live in ten spacetime dimensions rather than undergoing a spontaneous compactification to four spacetime dimensions as demanded by the Kaluza- This is probably the place to admit the supreme irony of the Kaluza-Klein unification story. It is that the heterotic superstring [60] , which is currently the favorite way to unify gravity with the other forces, while making use of The general consensus now is that this problem will never be resolved provided we remain within the confines of a weak coupling perturbation expansion. I would therefore like to finish with some very recent developments in string theory which address this strong coupling problem, and I am delighted to say that they rely heavily on the Kaluza-Klein idea.
Kaluza-Klein states as extreme black holes
The idea that elementary particles might behave like black holes is not a new one [66, 67, 68] . Intuitively, one might expect that a pointlike object whose mass exceeds the Planck mass, and whose Compton wavelength is therefore less than its Schwarzschild radius, would exhibit an event horizon. In the absence of a consistent quantum theory of gravity, however, such notions would always remain rather vague. Superstring theory, on the other hand, not only predicts such massive states but may provide us with a consistent framework in which to discuss them. In this section we shall summarize the results of [30] and confirm the claim [20] that certain massive excitations of four-dimensional superstrings are indeed black holes. Our results thus complement those of [69, 70, 71] where it is suggested that all black holes are single string states. Of course, non-extreme black holes would be unstable due to the Hawking effect. To describe stable elementary particles, therefore, we must focus on extreme black holes whose masses saturate a Bogomol'nyi bound.
Here we return to the humble torus and consider the four-dimensional heterotic string obtained by toroidal compactification. At a generic point in the moduli space of vacuum configurations the unbroken gauge symmetry is U(1) 28 and the low energy effective field theory is described by the N = 4 supergravity coupled to the 22 abelian vector multiplets of section (4).
We shall consider the Schwarz-Sen [26, 27] [35, 36, 26, 27] , the reasons for focussing on this N=4 theory, aside from its simplicity, is that one expects that the allowed spectrum of electric and magnetic charges is not renormalized by quantum corrections, and that the allowed mass spectrum of particles saturating the Bogomol'nyi bound is not renormalized either.
Following [22, 23, 24] , Schwarz and Sen have also conjectured [26, 27] on the basis of string/fivebrane duality [74, 75] that, when the solitonic excitations are included, the full string spectrum is invariant not only under the target space O(6, 22; Z) (T -duality) but also under the strong/weak coupling SL(2, Z) (S-duality). The importance of S-duality in the context of black holes in string theory has also been stressed in [25] . Schwarz and
Sen have constructed a manifestly S and T duality invariant mass spectrum. T -duality transforms electrically charged winding states into electrically charged Kaluza-Klein states, but S-duality transforms elementary electrically charged string states into solitonic monopole and dyon states. We shall show that these states are also described by the extreme magnetically charged black hole solutions discussed in [20] . Indeed, although the results of this section may be understood without resorting to string/fivebrane duality, it nevertheless provided the motivation. After compactification from D = 10 dimensions to D = 4, the solitonic fivebrane solution of D = 10 supergravity
[76] appears as a magnetic monopole [77, 78] or a string [29] 3φ g µν , it is the other way around [19, 20] .
We now turn to the electric and magnetic charge spectrum. Schwarz and Sen [26, 27] present an O(6, 22; Z) and SL(2, Z) invariant expression for the mass of particles saturating the strong Bogomol'nyi bound m = |Z 1 | = |Z 2 |:
where a superscript 0 denotes the constant asymptotic values of the fields.
Here α a and β a (a = 1, ..., 28) each belong to an even self-dual Lorentzian lattice Λ with metric given by L and are related to the electric and magnetic
The fundamental charge Q is normalized so that Q 2 = e 2 /2π and we have set κ 2 = 16π. As discussed in [26, 27] only a subset of the conjectured spectrum corresponds to elementary string states. First of all these states will be only electrically charged, i.e. β = 0, but there will be restrictions on α too. After performing an O (6, 22) rotation Ω of the background M 0 transforming it into the 28-dimensional identity matrix I and an accompanied change of basis tô α = LΩLα the mass formula (31) can be rewritten [26, 27] as is given by
A comparison of (32) and (33) shows that the string states satisfying the Bogomol'nyi bound all have N R = 1/2. One then finds
leading to α T Lα ≥ −2.
We shall now show that the extreme Kaluza-Klein black holes are string states with α T Lα null (N L = 1). To identify them as states in the spectrum we have to find the corresponding charge vector α and to verify that the masses calculated by the formulas (19) and (31) Starting from either the purely electric or purely magnetic solutions, dyonic states in the spectrum which involve non-vanishing axion field Ψ can then be obtained by SL(2, Z) transformations. Specifically , a black hole with charge vector (α, 0) will be mapped into ones with charges (aα, cα) with the integers a and c relatively prime [26, 27] .
We have limited ourselves to N R = 1/2, N L = 1 supermultiplets with s min = 0. Having established that the s = 0 member of the multiplet is an extreme black hole, one may then use the fermionic zero modes to perform supersymmetry transformations to generate the whole supermultiplet of black holes [72, 73] . Of course there are N R = 1/2 multiplets with s min > 0 coming from oscillators with higher spin and our arguments have nothing to say about whether these are also extreme black holes.
As discussed in [30] the N R = 1/2, N L > 1 states (and their dual counterparts) are also extreme electric (magnetic) black holes. However, whereas the Kaluza-Klein black holes have a scalar-Maxwell coupling e −aφ F µν F µν with a = √ 3, the N L > 1 states have a = 1 and correspond to the supersymmetric dilaton black hole [16] . It is well-known that the non-supersymmetric a = 1 case provides a solution of the heterotic string [80, 81] but it was only recently recognized that the supersymmetric a = 1 case and also the a = √ 3 case are also solutions [20, 30] . The electric solutions are in fact exact [82] with no α ′ corrections for both a = √ 3 and a = 1. There are also a = 0 Reissner-Nordstrom black holes [30] , but these do not belong to the N − = 1/2 sector of string states. None of the spinning N R = 1/2 states is described by extreme rotating black hole metrics because they obey the same Bogomol'nyi bound as the s min = 0 states, whereas the mass formula for an extreme rotating black hole depends on the angular momentum J.
Rather it is the fermion fields which carry the spin. (For the a = 0 black hole, they yield a gyromagnetic ratio g = 2 [73] ; the a = √ 3 and a = 1 superpartner g-factors are unknown to us.) It may be that there are states in the string spectrum described by the extreme rotating black hole metrics but if so they will belong to the N R = 1/2 sector 7 . Since, whether rotating or not, the black hole solutions are still independent of the azimuthal angle and independent of time, the supergravity theory is effectively two-dimensional and therefore possibly integrable. This suggests that the spectrum should be invariant under the larger duality O(8, 24; Z) [22, 23] , which combines S and T . The corresponding Kac-Moody extension would then play the role of the spectrum generating symmetry [86] . 7 The gyromagnetic and gyroelectric ratios of the states in the heterotic string spectrum would then have to agree with those of charged rotating black hole solutions of the heterotic string. This is indeed the case: the N L = 1 states [11] and the extreme rotating a = √ 3 black holes [83] both have g = 1 whereas the N L > 1 states [71] and the extreme rotating a = 1 [84] (and a = 0 [85] ) black holes both have g = 2. In fact, it was the observation that the Regge formula J ∼ m 2 also describes the mass/angular momentum relation of an extreme rotating black hole which first led Salam [67] to imagine that elementary particles might behave like black holes!
